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Abstract—Downsampling and the computation of the ban-
dlimited interpolation of discrete-time signals are two important
concepts in signal processing. In this paper we analyze the
downsampling operation regarding its impact on the existence
and computability of the bounded bandlimited interpolation. We
assume that the discrete-time signal is obtained by downsampling
the samples of a bounded bandlimited signal that vanishes at
infinity, and we study two problems. First, we investigate the
existence of the bounded bandlimited interpolation for such
discrete-time signals from a signal theoretic perspective and
show that there exist signals for which the bounded bandlimited
interpolation does not exist. Second, we analyze the algorithmic
generation of the bounded bandlimited interpolation, using the
concept of Turing computability. Turing computability models
what is theoretically implementable on a digital computer. In-
terestingly, it turns out that even if the bounded bandlimited
interpolation exists analytically, it is not always computable,
which implies that there exists no algorithm on a digital computer
that can always compute it. Computability is important in order
that the approximation error be controlled. If a signal is not
computable, we cannot ascertain whether the computed signal is
sufficiently close to the true signal, i.e., we cannot verify every
approximation accuracy.

Index Terms—bandlimited signal, downsampling, bandlimited
interpolation, Turing computability

I. INTRODUCTION

AMPLING of analog signals is one of the basic operations
Sin signal processing and is of fundamental importance.
The Shannon sampling theorem provides the theoretical foun-
dation for the sampling of bandlimited signals with finite
energy and their error-free recovery from the samples [2].
Since Shannon’s paper from 1949, numerous publications have
extended this result [3]-[8] in different directions. Among
them are sampling theorems for other and larger signal spaces
and for new basis representations [9]-[12]. In addition to
signal processing, the sampling theorem has important applica-
tions in other disciplines, such as physics [13]. For a historical
treatment, see, for example, [14]-[17].
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Fig. 1. Processing of analog signals in the digital domain.

Downsampling or decimation, which is the process of re-
ducing the sampling rate of a discrete-time signal by removing
samples, is a central operation in digital signal processing that
is used in many applications, for example in filter banks [18],
[19], image processing [20]-[22], and communication systems
[23], [24]. In this work we consider only one-dimensional
downsampling. If we downsample a signal {zy}rez by a
factor of two, we only keep the samples {xof }rez, and the
downsampled signal is given by {2$"},cs = {zoy}rez.
Often, the discrete-time signal is obtained by sampling a
bandlimited continuous-time signal. Since we do not consider
quantization in this paper, we also call a discrete-time signal
a digital signal.

Digitization, i.e., the transition from the continuous-time
domain to the discrete-time domain is the basis of today’s
digital transformation, where the key idea is to perform all
signal processing operations in the digital domain. The original
idea, which is illustrated in Fig. 1, is based on the Shannon
sampling theorem. Instead of processing an analog signal f in
the analog domain using an analog system T to produce the
desired output signal g = T f, the signal f is first converted
into a digital signal = which is then processed by a digital
system TP, resulting in a digital output signal y = TPzx.
Finally, the digital signal y is converted into an analog signal
g by means of a reconstruction process. If g = g then the
analog signal processing task has been successfully transferred
into a digital signal processing task, according to the above
procedure.

Nowadays, digital signal processing is an independent disci-
pline in signal processing, and often, the signals that are being
processed are already created in the digital domain and do not
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Fig. 2. Connection of the analog and the digital domain.

stem from analog signals. However, in many situations such
as in digital communications, at the end of the processing the
discrete-time signals are still transformed into the continuous-
time domain, and this transformation is done by computing the
bandlimited interpolation of the discrete-time signal. Hence,
the questions of whether the bandlimited interpolation exists
and whether it can be generated algorithmically are of high
practical relevance.

For bandlimited signals f with finite energy and no fre-
quencies larger than 27, we know from Shannon’s sampling
theorem that we can reconstruct the continuous-time signal
f from its samples {f(k/2)}rez. Thus, by sampling and
interpolation with the Shannon sampling series, we have a
correspondence between discrete-time and continuous-time
signals, as illustrated in Fig. 2. In this paper we study the
impact of downsampling on this correspondence. Without loss
of generality, we use bandlimited signals having a bandwidth
of m or 27. Then sampling at the Nyquist rate corresponds
to sampling on the grids {k}rez and {k/2}rcz, respectively.
However, this is no restriction, other bandwidths can be
obtained by a simple scaling of the signals.

Assume that we have a bounded bandlimited signal f with
bandwidth 27 that we sample at the Nyquist rate. Then the
discrete-time signal is given by {zj}rez = {f(k/2)}rez. In
the next step we downsample this sequence by a factor of
two, which gives us the downsampled signal {z¢°""};cz =
{f(k)}rez- Now the question is whether for this downsampled
discrete-time signal {z{°*"}cz there exist any problems in
finding a bounded continuous-time signal f, with bandwidth
7 that interpolates the downsampled signal {2z}, .7, i.e.,
satisfies fr(k) = 29°"" k € Z. Such a signal f, is known as
the bounded bandlimited interpolation and has many applica-
tions, e.g., in communications and image processing [25]—-[28].

We study two aspects of this question. First, we look at
this problem from a signal theoretic perspective and ask if f
exists as a mathematical object. This is clearly a necessary
condition for any practical application. In general, downsam-
pling as a signal processing operation is not given much
attention in theoretical analyses, because it is assumed that this
procedure does not create any fundamental problems. In many
signal processing books, the bandlimited interpolation, i.e., the
continuous-time signal that corresponds to the downsampled
sequence, is formally obtained by using a convolution theorem
and distribution theory. See, for example, [25, p. 52, p. 162],
[26, p. 144]. However, for signal spaces other than the space
of bandlimited signals with finite energy, it is a priori not clear
whether those manipulations and expressions are well-defined,
even when they are treated in the sense of distributions [29].
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Second, we analyze a more subtle problem that has not
gotten much attention in the signal processing community so
far, which is, nevertheless, equally important for a practical
implementation: the question of computability. Even if f;
exists as a signal in a mathematical sense, we need to be
able to compute f, from the discrete-time signal {2 }1c7.
That is, we need an algorithm that can approximate f, from
{2}, ez in a finite number of steps and with assured
precision. The theoretical concept that we employ to study this
second question is Turing computability. Turing computability
is a standard model for computing that idealizes our digital
computers. A Turing machine has no limitations in terms of
memory or computing time, and hence provides a theoretical
model that describes the fundamental limits of any practically
realizable digital computer.

The answers to both questions clearly depend on the
properties of the involved signals. For example, if f is a
computable 27-bandlimited signal with finite energy, then the
discrete-time signal {xy }rez = f(k/2) and the downsampled
signal {@§**"};cz = f(k) both have finite energy and are
computable. The bounded bandlimited interpolation f, exists
and can be obtained by means of the Shannon sampling series

ft)= ) ﬂk)W' (1)

In this case f, is also computable, i.e., we can find an
algorithm that for any given precision goal, approximates f.
However, for other signal spaces, this is not necessarily true.
In this paper we consider the space of bounded bandlimited
signals that vanish at infinity.

After introducing some notation in Section II, we introduce
the concept of computability in Section III and give some
facts about downsampling and interpolation in Section IV. In
Section V we analyze the first question, i.e., the existence of
the bounded bandlimited interpolation. The second question,
i.e., the computability of the bounded bandlimited interpola-
tion, is treated in Section VI, followed by a discussion of
the results in Section VII. The proofs of the theorems are
given in Section VIII. In Section IX we discuss the size
of certain sets of signals with problematic behavior, and in
Section X we construct a non-computable number and discuss
the approximation in terms of computable Cauchy sequences.
The paper is concluded with a discussion in Section XI.

k=—o0

II. NOTATION

By ¢y we denote the set of all sequences that vanish at
infinity, and by C§°[0, 1], the space of all functions that have
continuous derivatives of all orders and are zero outside [0, 1].
For Q C R, let LP(Q2), 1 < p < oo, be the space of
all measurable pth-power Lebesgue integrable functions on
2, with the usual norm || -||,, and L°°(Q2) the space of all
functions for which the essential supremum norm || - || is
finite. The Bernstein space B2, o > 0, 1 < p < oo, consists of
all functions of exponential type at most o, whose restriction
to the real line is in L?(R) [8, p. 49]. The norm for B2 is
given by the LP-norm on the real line. A function in B? is
called bandlimited to 0. BJY, denotes the space of all functions
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in BS° that vanish at infinity. By PW?2, 1 < p < oo, we
denote the Paley—Wiener space of functions f with a repre-
sentation f(z) = 1/(2m) [7_ g(w)e”* dw, z € C, for some
g € LP[—o,0]. If f € PWE, then g(w) = f(Aw) The norm
for PW is given by || fllpwe = (1/(2m) [7,[f(w)[P dw)'/P.
PW?, is the frequently used space of bandlimited functions
with bandwidth ¢ and finite energy.

Distributions are continuous linear functionals on a space of
test functions. D is the space of all test functions ¢ : R — C
that have continuous derivatives of all orders and are zero
outside some finite interval. D’ denotes the dual space of D,
i.e., the space of all distributions that can be defined on D.
For locally integrable functions g we can define the linear
functional

PR / g0l dt @)

on the space D. It can be proven that this functional is
continuous and thus defines a distribution [30]. Distributions
of the type (2) are called regular distributions. A sequence
of distributions {fx}reny in D’ is said to converge in D/,
if for every ¢ € D the sequence of numbers {fro}ren
converges. Thus, a sequence of regular distributions, which is
induced by a sequence of functions {gx } e according to (2),
converges in D', if for every ¢ € D the sequence of numbers

{fjooo g (t)p(t) dt}ren converges.

III. COMPUTABILITY

The theory of computability is a well-established field in
computer sciences [31]-[35]. However, since computability is
not widely known in the signal processing community, we
describe some of the key concepts in this section. For a more
detailed treatment of the topic, see for example [33]-[36].

In order to study the question of computability, we employ
the concept of Turing computability. A Turing machine is an
abstract device that manipulates symbols on a strip of tape
according to certain rules [31]-[33], [35]. Although the con-
cept is very simple, a Turing machine is capable of simulating
any given algorithm. Turing machines have no limitations
in terms of memory or computing time, and hence provide
a theoretical model that describes the fundamental limits of
any practically realizable digital computer. Moreover, Turing
machines are equivalent to other concepts of computability,
such as those defined by general recursive functions, Minksy
register machines, and A-calculus.

It is important to distinguish Turing computability from
complexity theory, another major topic in computer science.
Complexity theory, which is also relevant for signal process-
ing, deals with the question of how efficiently a problem can
be solved, and analyzes how the computation time of a given
algorithm scales with the size of the input data. Thus, the
goal of complexity theory is different from the goal in Turing
computability, where the fundamental limits of computability
are explored without considering complexity issues. It is clear
that the study of the complexity of a problem requires that the
problem be algorithmically solvable.

Further, complexity theory operates in a discrete and finite
setting. However, the modeling of many real world problems
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involves continuous infinite signals, e.g., bandlimited signals
that have an infinite duration. Thus, in order to apply com-
plexity theory on such “continuous problems”, it is necessary
that the continuous signals be approximated by discrete and
finite signals in a controlled way.

Questions of complexity have been studied in signal pro-
cessing for a long time. As for computability, this is not the
case. It seems to be a folklore result in signal processing
that an increase in computational power automatically leads
to a better approximation of the continuous problem, where
we implicitly control the approximation error between the
computed signal and the true solution. That this is not the
case for downsampling and the bandlimited interpolation will
be the result of Section VI

Alan Turing introduced the concept of a computable real
number in [31], [32]. A sequence of rational numbers {7, } nen
is called a computable sequence if there exist recursive func-
tions a,b, s from N to N such that b(n) # 0 for all n € N
and

A recursive function is a function mapping natural numbers
into natural numbers, which is built of simple computable
functions and recursions [37]. Recursive functions are com-
putable by a Turing machine. A real number z is said to be
computable if there exists a computable sequence of rational
numbers {r,},en and a recursive function £: N — N such
that for all N € N we have |z —r,| < 27% for all n > £(N).
By R. we denote the set of computable real numbers and by
C. = R, 4 iR, the set of computable complex numbers. R,
is a field, i.e., finite sums, differences, products, and quotients
of computable numbers are computable. Note that commonly-
used constants like e and 7 are computable. A non-computable
real number was, for example, constructed in [38].

There are several—not equivalent—definitions of com-
putable functions, most notably, Turing computable functions,
Markov computable functions, and Banach—-Mazur computable
functions [36]. An example of a non-computable function was
given in [39]. A function that is computable with respect to
any of the above definitions has the property that it maps
computable numbers into computable numbers. This property
is therefore a necessary condition for computability. Usual
functions like sin, sinc, log, and exp are computable, and
finite sums of computable functions are computable [34].

We call a function f elementary computable if there exists
a natural number N and a sequence of computable numbers
{ax}N__ . such that

N .
=3 akw. 3)
k=—N

Note that every elementary computable function f is a finite
sum of computable functions and hence computable. As a
consequence, for every ¢ € R, the number f(t) is computable.
Further, the sum of finitely many elementary computable func-
tions is computable, as well as the product of an elementary
computable function with a computable number A € C..
Hence, the set of elementary computable functions is closed
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with respect to the operations addition and multiplication with
a scalar. Further, as we will show next, for every elementary
computable function f, the norm | f|| s, is computable. Let
f be an elementary computable functlon havmg the shape (3).
We have

sin(7(t — k))
< -~ ~ @77
W llsz, < maylesl max 2. |20 =5
4
< ‘g‘lax lak| | 5 + + = log( ) “4)

where the second inequality follows from a calculation that is
similar to (20). Let M > N+1. A basic but lengthy calculation
shows that

1 M+ N
<2 Jog[ 2t
FO]'= 7 max Jou] 0g<M—N— 1)

for all |t| > M. Let M; be the smallest natural number such
that My > N + 1 and
10g(M+N> -7
M-N-1 2
Then we have

1
t —
lf()] < 5 @g}};\akl

for all |t| > M;. Since
£ 112

> max |ayl,
™0 7 |k|I<N
we see that f attains its maximum in the interval [— M7, Mq].
Further, according to Bernstein’s inequality, we have

£ 1B, < 7llf 52,

< linax || (B + 4 + 41og(N))),
where we used (4) in the second inequality. Thus, it follows
that

[f(t1) = f(t2)] < [ta = t2lllf' ||z,

< |t —t 57 + 4 + 4log(N
<t z\lg‘lgggakl(wr + 4log(N))

for all ¢1,ta € [—My, M;]. This inequality and the fact that
f(¢t) is computable for all ¢t € [-M;, M;] N R, show that

£z, = mas[7(2)
is computable.

A function in f € B, is computable in B, if there exist
a computable sequence of elementary computable functions
{fn}nen and a recursive function £: N — N, such that for
all N € N we have |[f — fulls=, <27V for all n > £(N).
By CBZ, we denote the set of all functions in B2, that are
computable in BZ,. Note that CBZ, has a linear structure.
The set CBZY, is the “effective closure in BY, of the set of
elementary computable functions. Hence, we can approximate
any function f € CBY°, by an elementary computable function
where we have an “effective” control of the approximation
error.

In other words, for every prescribed approximation error
e > 0 we can compute an index ng = &([—logy(€)]) such
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Fig. 3. For a computable signal we can always determine an error bar and
then can be sure that the true value lies within the specified error range.

that the approximation error ||f — f,|/zr is less than or equal
to € for all n > ng. This behavior is illustrated in Fig. 3.
Due to the inequality

1Bz = I fnllBzy | < IIf = fullsz,,

it follows immediately that the norm || f{|sz,, i.e., the max-
imum of f, is computable for all f € CBZ,. See also [34,
pp- 40].

In order that the above definition of a computable function
in B, makes sense, it is necessary that each f € B, can
be approximated in a classical sense by a linear combination
of shifted sinc-functions. This is assured by the next fact, the
proof of which will be given in Appendix A.

Fact 1. Let [ € By, For every € > 0 there exist an N € N
and numbers {c; }__ such that

N
sin(w(t — k))
/ Z Ck m(t — k)
S B
A set A C N is called recursively enumerable if A = ) or
A is the range of a recursive function. A set A C N is called
recursive if both A and N\ A are recursively enumerable.

IV. DOWNSAMPLING FOR BANDLIMITED SIGNALS

Let f € PW3, be a bandlimited signal with bandwidth
2 and finite energy. Then f is completely determined by
its samples {f(k/2)}rcz. Removing every second sample,

, keeping only the samples {2}y {f(k)}rez,
corresponds to a downsampling factor of two. The continuous-
time signal f, that corresponds to the downsampled discrete-
time signal {29°""},.cz is given by

sm —k))
-3 s 7@’

k=—o0

teR. (5)

The series in (5) converges in the L2-norm, as well as
uniformly on the real axis, and we have f, € PW?2 C PW3 .
Hence, for the signal space PW%F, downsampling and ban-
dlimited interpolation of the downsampled signal are well-
defined.
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For N € N, let

sin(rw(t — k))

SNf 7]6)7 teR

Zf

k=—N

denote the finite Shannon sampling series. For every sig-
nal f that is computable in PW3_, Syf is computable
in PW3_, because Sy f is the finite sum of computable
functions. Further, for fixed ¢t € R, the computable sequence
{(Sn[f)(t)} nen of computable numbers converges effectively
to f(t), because

|f(t) = (SN OO < 1f = Sn fllpwsz. -

Hence for f € PW3_ and each t € R,, the bounded
bandlimited interpolation f,(¢) is computable.

However, downsampling is also often used for other, larger
signal spaces, like B33  or B3, both of which are important
for example in communications. In the present paper we study
downsampling for the space B3} ;. A signal f € B3 is
uniquely determined by its samples f(k/2), k € Z, and for

all T > 0 we have
Z sin(2n(t — %))
f< > 2m(t — ’“)2 | -0

k=—N 2

lim max
N—so00 [—-T,T)

i.e., the Shannon sampling series converges locally uniformly
to the signal f [40]. Further, we have {f(k/2)}rez € co.
Clearly, the downsampled discrete-time signal also satisfies
{f(K)}kez € co. However, the question is whether the
bounded bandlimited interpolation f. € B2° exists, and if
yes, if it can be computed.

It is well-known that there exist sequences that do not
possess a bounded bandlimited interpolation. For example, for

the sequence
0,
T = (_l)k
log(1+k)?

there exists no signal f, € B> with f(k) =z forall k € Z
[41]. Note that the situation that is analyzed in the present
paper is more complicated. Here, the sequence is not freely
chosen, but obtained by downsampling a bounded bandlimited
signal. In fact, the signal that we will construct later is a
bandpass signal with arbitrarily small effective bandwidth.

k<0,
k> 1,

V. EXISTENCE OF THE BOUNDED BANDLIMITED
INTERPOLATION

In the following two theorems the signal

e gs(t), teR, (©6)

Y5(t) =

with
sin(wt)

== [ Yy
95(t) 7r/0 wlog(X) s

will play a central role. 6 € (0,1) is a parameter that specifies
the bandwidth of the signal. The signal gy, is visualized in
Fig. 4.

Our first theorem shows that the bounded bandlimited
interpolation of the downsampled signal does not always exist.

teR,
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Fig. 4. Plot of the signal g5(¢) for 6 = 1/2.

Theorem 1. Let § € (0,1), and let v5 € By, 5. o be the
signal defined in (6). Then there exists no f, € B2 such
that fr(k) = ~s(k) for all k € Z. That is, there exists
no bounded bandlimited interpolation for the downsampled

sequence {vs(k)}rez.

We postpone all proofs until Section VIII.

As the next theorem shows, for the downsampled sequence
{75(k)}rez, the Shannon sampling series diverges for all ¢ €
R\ Z. Moreover, the divergence even holds in a distributional
setting.

Theorem 2. Let § € (0,1), and let s € B, 5)x0 e the
signal defined in (6). Then, for all t € R\ Z, we have

N

S op(y S = E) ‘ .

lim
Rt 7(t — k)

N—o00

Further, there exists a ¢1 € C§°[0,1] such that

| Z sk mt_k)k))w)dt -

ook,

lim
N—o00

i.e., the series diverges in D'.

In order to illustrate the divergence behavior observed in
Theorem 2, the partial sums of the Shannon sampling series

N

Z vs(k) sin(w(t — k))

S t) =
( N75)( ) W(t*k)
k=—N
are plotted in Fig. 5 for 6 = 1/2 and N = 5, 40, 320. While the
values of the partial sums (Sn+s)(t) are fixed on the integer
grid Z, the increase for ¢t € R\ Z is clearly visible.

Remark 1. The signal s has a remarkably simple structure. It
is not constructed as an infinite series, but defined as a simple
integral expression.

Remark 2. ~; is a bandpass signal that is created by modulat-
ing the lowpass signal gs. Since the spectrum of the lowpass
signal gs is concentrated on [—dm,dw], gs is completely
determined by its samples {gs(k/9)} kez. Further, the effective
bandwidth of the bandpass signal 75 is 2d7.
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(Snv1/2)(t)

Fig. 5. Plot of the sums (Sy~s)(t) for § = 1/2 and N = 5,40, 320.
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Fig. 6. Illustration of the non-computability of the bandlimited interpolation.
In the left panel we see the sequence for which we seek the bandlimited
interpolation. In the right panel we see that the values of the bandlimited
interpolation are computable on the integer grid Z (the true value lies within
the error bar), but not in between (indicated by the gray rectangles).

VI. COMPUTABILITY OF THE BOUNDED BANDLIMITED
INTERPOLATION

In this section we consider the same scenario as before, but
now from a computability perspective.

In practical applications, a digital computer is often used
to perform the signal processing operations. With respect to
the correspondence between discrete-time and continuous-time
signals that was discussed in the introduction, the question
arises if this correspondence still holds from a computational
point of view.

If we sample a computable continuous-time signal f &€
CB3; o, then the sequence of sampling points {f(k/2)}rez
is a computable sequence in cy. The same is true for the
downsampled sequence {z°""},c7 = {f(k)}rez. Hence, this
direction can be performed without problems. However, the
opposite direction, i.e., computing the bounded bandlimited
interpolation f; can be problematic.

In Theorem 1 we have seen that there exist signals, such
that for the downsampled discrete-time signal there exists no
bounded bandlimited interpolation. Clearly, if the bounded
bandlimited interpolation does not exist, we cannot compute
it. Hence, in the following we consider only those signals
for which the bounded bandlimited interpolation exists. But
even if the bounded bandlimited interpolation exists, it is
not guaranteed that it is computable. The following theorem
is our main result about the computability of the bounded
bandlimited interpolation.
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Theorem 3. There exists a computable signal f € CB3;
such that the bandlimited interpolation fr exists in B, and
we have f(t) & C. for all t € R, \ Z.

The signal f, in Theorem 3 is not computable because it
does not even satisfy the minimal requirement that computable
numbers are mapped into computable numbers. Only for k € Z
do we have this property, because fr(k) = f(k), k € Z.
Hence, our result shows that f; is neither Turing, nor Markov,
nor Banach—Mazur computable.

Remark 3. Note that Theorem 3 is not only an abstract exis-
tence result. In fact, the computable signal f from Theorem 3
is constructed in the proof of the theorem, and given there in
eq. (22).

Remark 4. The full proof of Theorem 3 will be given in
Section VIII. Nevertheless, we will next give a preview of
the construction of the signal f. f is constructed such that f
is computable in B57 ,, i.e., can be effectively approximated
by a finite sampling series. It follows that the sequence of
samples {f(k)}xez is computable in ¢y, i.e., {f(k)}xrez can
be approximated arbitrarily well with a discrete-time signal
that only has finitely many non-zero values. This signal is
given by the even coefficients of the finite sampling series.
However, although the samples {f(k)}rez are computable,
their oscillation is too strong, and therefore the bandlimited
interpolation f(¢) is not computable for any ¢ € R..

From an approximation point of view, we can interpret
the non-computability of f in B2, as follows. Since fr is
not computable in B2, there exists no computable sequence
of elementary computable functions {f,},en that effectively
approximates f,. This means we cannot effectively control
the approximation error ||fr — full B, The result in The-
orem 3 is even stronger. Since f(t) is not computable for
all t € R. \ Z, not only the approximation with elementary
computable functions that employ the sinc function has to
fail, but in fact the approximation with any other sequence
of computable functions also. This can be seen as follows.
Assume that there exists a computable sequence {f, }nen of
computable functions, which are not necessarily elementary
computable functions, that converges effectively to fr in B2%.
Since

|f7r(t) - fn(t” < Hfﬂ - fn”B;’r%a

it follows that, for all ¢ € R., the computable sequence
{fn(t)}rez of computable numbers converges effectively to
fx(t). Hence, we have f(t) € C. for all t € R,, which is a
contradiction to Theorem 3. The preceding calculation shows
that non-computability of f.(t) for ¢t € R, \ Z immediately
excludes the possibility that f, can be effectively approxi-
mated by any computable sequence of computable functions in
B2, even if we allow more general functions than elementary
computable functions for the approximation.

Remark 5. From Fact 1 we know that f,. can be approximated
by a sequence of finite Shannon sampling series. For every

M € N there exist an N (M) and numbers {cj (M) iv:(i/[g[(M)
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Fig. 7. Connection of the continuous problem and the discrete problem.

such that
N(M) .
sin(w(- —k)) 1
— (M —. 7
frm 2 D= r—p <gw D
k=—N(M) B,
However, the pair of functions N (M) and {cx (M) fc\f:([f[g[( M)

is not Turing computable. Thus, these parameters in (7) cannot
be determined algorithmically.

A direct consequence of Theorem 3 is the following corol-
lary.

Corollary 1. There exists a computable sequence {xy}rcz, €
co such that the bandlimited interpolation [ exists in B,

and we have fr(t) & C. for all t € R, \ Z.

Corollary 1 is illustrated in Fig. 6, where it is symbolically
shown that f(t) cannot be approximated for ¢t € R, \ Z with
an effective control of the approximation error.

VII. DISCUSSION OF THE RESULTS

Before we continue with giving the proofs in Section VIII,
we resume the discussion started in the introduction about the
relevance of the results for signal processing.

In signal processing we face the situation that we have to
deal with continuous-time and discrete-time signals. While
many real world processes are described mathematically by
continuous models, e.g., partial differential equations such as
Maxwell’s equations or the convection-diffusion equation, and
thus involve continuous-time signals, most of the actual signal
processing is performed in the digital domain, using digital
computers that process discrete-time signals.

A usual approach is to approximate the continuous problem
by a discrete problem, which is then solved on a digital
computer. But only if we can control the approximation error,
does the discrete problem give us useful information about
the original continuous problem. Whenever we use a digital
computer to solve a continuous problem, we have to ensure
that the result is meaningful, which requires controlling the
approximation error, as illustrated in Fig. 7.

In his landmark paper “On computable numbers, with an
application to the Entscheidungsproblem” from 1936, Alan
Turing studied computable real numbers and how they can be
approximated by a Turing machine [31]. This is exactly the
situation that we discussed above. The real number, which is a
continuous quantity, is approximated by a sequence of discrete
objects, where the approximation error can be controlled.
With this paper, Turing laid the foundation of computer

http://dx.doi.org/10.1109/TSP.2019.2954972

science, employing a model of computation that is close to
the hardware that is still used in digital signal processing.

In signal processing, sampling is used to convert a ban-
dlimited continuous-time signal with infinite duration into a
sequence of numbers, and bandlimited interpolation to convert
a sequence of numbers back into a bandlimited signal [4]-[6],
[8], [42]. The Shannon’s sampling theorem is the theoretical
basis for the coupling of the analog and the discrete domain
[2], [13], [14]. The conversion of a continuous-time signal
into a discrete-time signal can always be easily done, i.e.,
any computable bandlimited signals leads to a computable
discrete-time signal after sampling. However, the conversion
of a computable discrete-time signal into a computable ban-
dlimited signal can be problematic.

Even if the bandlimited interpolation of a discrete-time
signal exists mathematically, it might not be possible to
compute it algorithmically on a digital computer, because the
approximation error cannot be effectively controlled. This is
the statement of Theorem 3 and Corollary 1, and is illustrated
in Fig. 6.

Our results show that there can be problems in the compu-
tation of the bandlimited interpolation on a digital hardware
platform. So far, the usual theoretical analyses in signal
processing have not treated this kind of problem when de-
signing algorithms. As already discussed, it has implicitly
been assumed that digital computers can approximate any
continuous problem and that the approximation error decreases
with increasing computational power. This is not always the
case. Our results show that it is not sufficient to develop
an algorithm for the approximation of a continuous problem,
rather it is necessary to analyze the approximation error and
to specify a stopping criterion that can guarantee any desired
approximation error. This is a completely new design problem
that has not been treated so far.

Theoretically, it is possible to implement the Shannon
sampling series in analog hardware. However, it is completely
unclear what such an analog implementation would look like.

In [43] it has been shown, using the Fourier transform
as an example, that analog implementations can potentially
have advantages compared to digital implementations. More
specifically, in [43] it was proved that there exist computable
bandlimited signals with finite energy, the Fourier transform
of which is smooth but not computable. Turing machines
provide a model for the perfect digital machine. Yet, the
Fourier transform of such signals cannot be computed on a
Turing machine. On the other hand, there is the theory of
Fourier optics, where, using an idealized analog machine,
it is theoretically possible to compute the Fourier transform
[44], [45]. This shows that there is a fundamental difference
between the two computing models, given by digital Turing
machines and analog Fourier optics. Certainly, the theoretical
possibility of implementing the Fourier transform by using
Fourier optics makes no statement about how well such an
implementation would be realized under real conditions. The
answer to this question also depends on the actual state of the
hardware development. Further studies in this direction are
necessary.
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—— 1/ log(m/|w|)

Fig. 8. Plot of the function 1/ log(7/|w|).

VIII. PROOFS
In this section we give all postponed proofs. We start with

proving several properties of

1 (%" sin(wt)

which is illustrated in Fig. 4. In particular, we will show that
gs, 0 € (0,1), is a bounded bandlimited signal that vanishes
at infinity.

teR,

Lemma 1. Ler 6 € (0,
gs satisfies g5(0) = 0 and gs(t) = —gs(—

1). Then we have gs € B§;, . Further,
t) for all t € R.

Proof. Differentiating gs we obtain

, 1/‘57r cos(wt)
gs(t) = — — dw
=T )0 Toe(®)

1 /5” 1
21 J sz log(1y)

where the interchange of integration and differentiation is
allowed because 1/log(w/|w]|), and hence

et duw,

sin(wt)
w log(g)

as well as
cos(wt)

log(7)

are continuous functions on [—d, d7] (see Fig. 8). We further

have
1 / 1
o1 |5 (log([5))?

Thus, we see that g5 € PW3,. This implies that g5 is a
function of exponential type at most ém, and consequently
that gs is bandlimited with bandwidth §7.

Next, we prove that lim;_, » gs(¢t) = 0. Let

dw < oo.

l /w Sin(wlt) dwl _ l /tw SiH(LUz)
™ Jo w1 ™ Jo w2

Using integration by parts, we obtain

o 1 1
ug(0) —/0 7(1052(5)) —u(w) dw.

dOJQ

u(w) =

mgs(t) = log(l
4
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Since

/ Tl L, !
o (log(Z))?w log(3)’
we see that the function
1 1
G
satisfies ¢ € L'[0, 67]. Further, we have |u,(w)| < C; for all

t > 0 and w € [0,07]. Application of Lebesgue’s dominated
convergence theorem gives

q(w) =

om o
1 1 1 1
lim 7ﬂ—u( )dw:/ Toa(EN2 i dw
=00 Jo (log(£))2w o 2(log(5))?w
B 1
B 2log()’
because -
Jim () = 3

for w > 0 [46, p. 58, Eq. (8.4)]. Hence, it follows that
1 S B |
lim | ———wu(0m) — / 7—u dw
A, <1og<§> M= ToamP ™) )

=3 (1og1<;> - log1<§>)
=0,

which in turn implies that lim; . gs(t) = 0. The properties
9s(0) =0, and gs(t) = —gs(—t) for all ¢ € R follow directly
from the definition of gs. O

For the proofs of our theorems we need several auxiliary
results that we state next.

We start with two facts about the local behavior of the Shan-
non sampling series for signals in B3, and B7°, respectively
[40, Theorem 1].

Fact 2. Let T' > 0 be arbitrary. Then, for all f € B, we
have

bll’l

~ k)
Z o= =h

In particular, Fact 2 shows that every signal f € B is
uniquely determined by its samples f(k), k € Z. If f € B,
with f(k) =0 for all k& € Z, then it follows that f = 0.

The next fact is a statement about the local behavior of the
Shannon sampling series for signals in 5° [40, Theorem 1].

lim max =0.

N->o0 te[fT,T]

Fact 3. For all T > 0 there exists a constant Co(T') such that,
for all f € BX and all N € N, we have

Z flk bm )k)) <

Second, we need three facts about the properties of

> sin(kw)
k )

max
te[—T,T]

Co(T)|I f Iz -

®)
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which is the Fourier series of the function

Lo _
u(w) = s(m—w), 0<w<2m,
0, w=0orw=2m.

First, the Fourier series (8) converges pointwise to u(w) for
all 0 < w < 27 [46, p. 5, Eq. 2.8].

Fact 4. For all 0 < w < 27, we have

Z sin(kkw) — u(w),

k=1

Second, on all closed intervals, excluding the jump dis-
continuities, we even have uniform convergence [46, p. 4,
Theorem 2.6].

Fact 5. For all v > 0, we have

lim max
N—00 wely,2m—1]

al sin(kw
_ Z 3

k=1

Third, the partial sums of (8) are strictly positive on the
interval (0, 7) [46, p. 62, Theorem 9.4].

Fact 6. For all N > 1 and all w € (0, 7), we have

N sin (kw
> )

k=1

Now we are in the position to prove Theorem 1.

Proof of Theorem 1. Let 6 € (0,1) be arbitrary but fixed
and let s be the signal defined in (6). Then we have
Ys € B(Ofw)mo. We further have

vs(k) = e*7 gs(k) = (=1)*gs(k),
k € Z. Thus, for t € R\ Z, we obtain

N

(St = 3 (-1 asth) o
——N
:sin(mt) gs (k)
™ t—k
sin(mt) al 1 1
— k) — =
T ;95 <t k k)

where we used that sin(7(t — k)) = (—1)* sin(nt). It follows
that
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9
For t € [1/4,3/4], we therefore have
sin(mt) o= 2g5 (k)
é
(Snvs)(t) + - > 2
k=1
N N
1 t 1 t
<z k) ||+ = k) |————
= 77296( )‘(t—k)k’ﬂg_:l%( )’(H—k)k‘
91832, § 1 +§XN: 1
IV :1(k g 1= T kk
3H95||Bg-; N N o
< ——m0 44 Z s > =k
k:2 4 k=1
Since
N N N—-1
1 1 1
Z(k—é)k SZ(k—l)2 T L
k=2 4 k=2 k=1
we obtain
sin(mt) o= 2g5 (k)
(Sns)(t) + >
g k=1
3llgsllBs=
<= QZ e
12 4 72
= I lgsllBe - )
It follows that
26in(%T) &a gs(k) 12 + 72
< — 4 oo
(Sx7s)(t) < == ; T loslles
(10)

for all ¢ € [1/4,3/4], where we used the fact that sin(7t) >
sin(m/4) for all ¢ € [1/4,3/4] in the last equality.
Let 0 < v < dm be arbitrary. Then, due to Fact 6, we have

i gs(k) _ 1 /5” 1 i sin(wk)
k T Jo wlog(Z) k
> 1/57r 1 _ isin(wk) doo.
7 ), wlog(Z) k
Since, according to Fact 5, the series

>

k=1

n

in(wk

converges uniformly on [y, d7] to (7 — w)/2, we obtain

N o
k 1 1 1
lim 95(k) > f/ —— (T —w) dw
N—oo =k 7 ), wlog(Z)2
== — dw — — — dw
2/, wlog(Z) 2r J, log(Z)
1 /5” 1 5
>3 s 1
2/, wlog(Z) 2log(5)
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For the integral we have

1/ 1 1 [los(3) 1
7/ — _dw= —7/ = du
2/, wlog(Z) 2 Jiog(z) u

which gives

al log(%) 5
MZ <log(§>> ~ 2log(})

for all v with 0 < v < d7. Taking the limit v — O shows that

>~ gs(k)
g 0 - a
k=1
Combining (10) and (11), we see that
lim (Snvs)(t) = —o0 (12)
N—o0

for all ¢ € [1/4,3/4].
Assume that there exists a signal f, € B> with f.(k) =
vs(k), k € Z. Then, according to Fact 3, we have

al sin(m(t — k))
ter[EaT),{T] k:Z_:N v5(k) w(t — k)
B sm —k))
B ter[ri%“XT Z f(k t - k) |
< Co(T )||f||B;c

for all N € N and T' > 0. This is a contradiction (12). Thus,
there exists no signal fr € B with f(k) = v(k), k €
Z. O

Proof of Theorem 2. From the proof of Theorem 1 we already
know that for the signal 5 € Bfﬁﬁ)ﬂ 0> 0 €(0,1), we have

Jim (Syy5)(1/2) = —oc. (13)
Let t; € R\ Z. We have
(Snvy6)(3)  (Sws)(t)

sin(%) sin(7tq)

|95 (k)[[t1 — 5]
3 — Kllty — K|

1N
S;Z

k=—

195|552 1
< 57,0
oo Z it kHtl — k|

HQ(SHBg;OCS(tl)

IN

where C5(t1) is a positive constant that depends on ¢; but not
on N. The upper bound C5(¢;1) for the sum can be obtained
by a calculation that is similar to the calculation that led to
(9). It follows that

‘ (Snvs)(t1)

sin(7ty)

(Snvs)(3)
sin(%)

which, using (13), implies
hm ‘(SN'Yé)(tl” = OQ.
N—oo

= llgslisgs ,Cs(t1),

2 ‘

(14)

This proves the first assertion.
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Let ¢; be a function in C§°[0, 1] with ¢1(t) > 0 for all

t € R and
1, 2<t<?,
(bl(t) — ’ 5 — 5
0, teR\ (L)
From (10) we know that
2sin(%) o go(k) 12+ w2
(Sns)(t) < ——— = T lgsllsg

k=1

for all ¢ € [1/4,3/4]. It follows that

oo 3/4
/‘wwmwmmwzz (Sns) ()1 (1) dlt

—oo /4

3/425111 9
ZQ&
<_ 4
- /1

3412 + 72
e T ORT

/4
. E N 2
<_gsm(4) gg(k)+12+7r

- 5 k 47
k=1

lgsllBge o llé1llnr(m),

and, using (11), that

lim (Snvs) () b1 (t) dt = —c0. (15)
N—oo o
This completes the proof of Theorem 2. O

For the proof of Theorem 3 we need several additional
lemmas.

Lemma 2. Let f1,f2 € B,
k € Z. Then we have f1 = fo.

with f1(k) = f2(k) for all

For a proof of Lemma 2, see, for example, [47, p. 155,
Theorem 1].

A sampling series that is valid for a larger signal space than
the Shannon sampling series is the Valiron sampling series
[7, p. 12], which is sometimes called Tschakaloff’s series [8,
p. 60]. This series provides a valid sampling representation for
signals in B2°.

Lemma 3. For all f € BX°, we have
() = 70T 4 o) ST
2 f(k)sin(r(t — k))
+th T S teR
kA0

For fixed t € R, the series converges absolutely.

We also need the fact that for computable functions f €
CBr, and fixed ¢ € R, the third term in the Valiron sampling
series is a computable number.

Lemma 4. Let f € CBY, and t € R.. Then we have

)3 Wi -b)

ko n(t—k)
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Proof. Let [ € CBZ, be arbitrary but fixed. We use the
abbreviations

> k)sin(w(t — k
by -1 37 L=k

k=—o00
k#0

and

N sin (7w (t —
a1 37, LBe=t)

k=—N

k0

For t € R and N € N with N > [t|, we have

|B(t) — By (t)| < % Z ‘fs:f) Sin(:—(t, k))‘

—k
|k|>N
|t] 1
< X o -
< Wlsz, >
|k|>N
and
—N—-1 00
1 1 1
) = > + >
oy =R ™ = TR =R, 4 k(= R
- 1 1
o R+ k) T Rk =)
j— — 2
- 2 _ 42
k=N+1 k t
=1
<2 ) 5
k=N+1
Since
[e'e] oo k oo
1 1 1 1
Z ﬁ< Z /k_lﬁdT—/N ﬁdT—N,
k=N+1 E=N+1

it follows that

2
1)~ By ()] < 280 s, (16)

forall t € R and all N € N with N > [¢|. For all ¢t € R,,
the right-hand side of (16) is a computable number, and thus
we see that the computable sequence { By (t)} yen converges
effectively to B(t). This implies that B(¢) € R, for all ¢ €
R.. O

Lemma 5. For all t € R, we have

Rt w(t — k)

Proof. Let t € R be arbitrary but fixed. According to Parse-
val’s theorem we have

.

= 27 |ei“)t|2 dw = 1’
™

—T

which completes the proof. O
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Lemma 6. Let A C N be a recursively enumerable nonre-
cursive set, and ¢p4: N — N a recursive enumeration of the
elements of A, where ¢4 is a one-to-one function, ie., for
every element k € A there exists exactly one Ny € N with
da(Ny) = k. Then the number

=1
Z 2¢a(N)
N=1

is not computable.

We will prove Lemma 6 in Section X.
Now we are in the position to prove Theorem 3.

Proof of Theorem 3. In this proof we will construct a signal f
that is computable in B3} . It is easy to see that the sequence
of samples { f(k)}rez is computable in co. Since f € CBS;, o,
we know from Fact 1 and the fact that f is computable, that
for every approximation error 1/2, f can be approximated
effectively in the B3] j-norm by a finite series

N(M) .
sin(r(t — k))
k_zjv:(M) Ck(M) 7T(t — k) 5

such that the approximation error is less than 1/2M. This
implies that the sequence of samples {f(k)}rez can be effec-
tively approximated in the cy-norm with a discrete-time signal
that has only finitely many non-zero values. Although the
samples { f (k) }rez are computable, we will see later that their
oscillation is too strong so that the bandlimited interpolation
fx(t) in B2S, is not computable for any ¢ € R, \ Z.
Let N € N be arbitrary but fixed, and let

N

B sin(n(t — k))\ >
pn(t) = fk;(—l)’“ <7r(t—k)> , teR.

As a finite sum of computable functions, py is computable in
B3 o- Hence, we see that py € CB3;, . Further, we have

N . 2
NOIEDY (sm(”(t_k))) <1,

Pt w(t — k) a7

where we used Lemma 5 in the second inequality. Since
lpn (k)] =1 for all 1 <k < N, it follows that

lpnliss = 1.

Let

(18)

Then, we have

Since
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it follows that

19)

N
sin(w(t — k))
NOIESY
‘pN ()|— ﬂ_(t_k)
k=1
k‘l(t) N
1 1 1 1
<24 — — + — —
+ s Z t— + T Z —t
k=1 k=ko (t)
k‘l(t) N
1 1 1
<24 — E + - E
™= ki(t) +1—k Trk:k2(t)k—k:2 t)+1
ki(t) N—ka(t)+1
1 1 1 1
=24 = 4= =
LD D D DR
=1 k=1
N
2 1
<24 — -
T k
k=1

2 2
<24 —+ —log(N), (20)
™ ™

where k1 (t) is the largest natural number that is smaller than
or equal to N and satisfies k1 (t) + 1 < ¢. Further, ko (t) is the
smallest natural number such that ko (t) — 1 > ¢. If ko(t) > N
then the above sums involving ks (t) are the empty sums. We
also used the inequality

z a+z/447

1
:1+/ —dr
1 T

=1+log(N)
in the last line. This shows that
2
Nl <24 —+— log( )-

Further, we see from (18) that

1 1
p(N+1),7r <2) >pN77r (2) . (21)
Let 1
gN(t)Z 1 pN(t), teR
pN,ﬂ(E)

Then we have

PN ||Bg
% 1)| 27,0

lgnliBss , = PE:
ST\ 2

m
< —
log(2N + 1)’

where we used (17) and (19) in the last inequality.

Let A C N be an arbitrary recursively enumerable nonre-
cursive set, and let ¢4: N — N be an enumeration of the
elements of A, where ¢4 is a one-to-one function, i.e., for
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every element k € A there exists exactly one N, € N with
¢4 (Ny) = k. We consider the function

— 1
fe)=>" s In(t), teR. (22)
N=1
Since
2¢>A(N) A () IN <> Soaen 1w llsss o
N= B30 N=1
™
< i
NZ:I 2N log(2N +1)

<,

it follows that the series in (22) is absolutely convergent and
that f € Bg?r,o- For M € N, we have

o0

1
< Z 92¢A(N)

N=M+1

oy llonvllss

M 1
f= Z 2¢4(N) gN
N=1 ngf)g
1 =1
< —F —
p(M+1),7r(§) N:XM:H 2N

1

= pavs),x(3)
iy

< T 7ars 1 o\’

~ log(2M + 3)
where we used (21) in the second inequality and (19) in the
last inequality. This shows that the computable sequence

M 1 o0
Z 92¢pa(N) gN
M=1

N=1

converges effectively to f. Hence, f is computable in B5 ;.

Let 1
N (t) = ——F<pNx(t), tER,
pN,ﬂ'(§>

and
o0

1
Z WQN,ﬂ(t)a

For N € N we have

q:(t) = t eR. (23)

lgwal L ol
N, x||B2, = — 71 IIPN,7||B
0 pN,ﬂ'( ) 0

N e

2 2
— | 2+ = + = log(N
< log(2N + 1) < * ™ - ™ o8 )>

2(1+m)
= log(3) ’
and it follows that
=1 2(1 + )
* oSy mllBe, < V5 -
laoloz, < 3 grawlov-lez, < Jo;

Hence, we see that the series in (23) converges absolutely.
Further, according to Lemma 2, we have f, = g., because
f(k) = q.(k) for all k € Z, and fr as well as g, are in B5<.
Since, according to Lemma 6

- 1

2 3o
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is not computable, it follows that
1 1 =1 1 =1
x (2) - q*<2> =2 FamIn (2) =2 mm
N=1 N=1

is not computable, i.e., we have f.(1/2) € R..
Using Lemma 3 we see that

B sin(wt) . sin(7t)
Folt) = £2(0) 22T )10
=:B1(t)
2 fa(k)sin(n(t — k)
sz P teR. (24)
[
=:Ba(t)

We analyze the three summands on the right-hand side of (24).
We have Bj(t) € R, for all t € R, because f(0) = f(0) €
R.. Further, we have By(t) € R, for all ¢ € R,, due to
Lemma 4. For t = 1/2 we know that f(1/2) ¢ R.. Thus,
the left-hand side and, consequently, the right-hand side of (24)
are not computable for ¢ = 1/2. It follows that f.(0) & R..
This implies that
sin(7rt)

f7(0) ,

™

and, consequently, f(¢) is not computable for all ¢ € R, \
Z. [

IX. SI1ZE OF THE SET OF PROBLEMATIC SIGNALS

It would be interesting to know if the problematic behavior
that was observed in Theorems 1 and 2 only exists for very
few signals or if it is the prevailing behavior that occurs for
almost all signals. The next theorem gives an answer in terms
of Baire categories.

We review some of the definitions. A subset M of a Banach
space X is said to be nowhere dense in X if the interior of the
closure of M is empty. M is said to be of first category (or
meager) if M is the countable union of sets, each of which
is nowhere dense in X'. M is said to be of second category
(or nonmeager) if is not of first category. The complement of
a set of first category is called a residual set. Topologically,
sets of first category may be considered “small”. Accordingly,
residual sets, being the complements of sets of first category,
can be considered “large”. In a complete metric space, any
residual set is dense and a set of second category, due to
Baire’s theorem [438].

Theorem 4. Let § € (0,1). The set of all signals f

B°f+5 , for which there exists no f. € B3° with f(k)

f( )for all k € Z, is a residual set in By

m

(1468),0°
Theorem 5. Let § € (0,1). The set of all signals f €

B(Of+5),r70, for which we have
N
. sin(w(t — k))
lim su 2 Pk Sk S/ [PV
N—>oop k:z—:N f( ) ’/T(t — k)

http://dx.doi.org/10.1109/TSP.2019.2954972

for all t € R\ Z, is a residual set in B (L48)m,0° Further,
the set of all signals f € B (14+8)m,0° for whlch there exists a
¢ € C§°[0,1] such that

o XN sin(m(t —
[ 3 i Do) ar) = .
—0 k=N

is a residual set in B%°

lim sup
N—o0

(146)m,0°

This shows that “almost all” signals in B> (L+8)7.,0 exhibit the
problematic behavior with respect to downsampling.

The previous two theorems were formulated with regard to
the bandpass signals f € B?eré)w,O‘ It is also possible to make
a statement about the set of lowpass signals g € Bg2 , for
which the downsampled sequence {f(k)}xcz, obtained from
the continuous-time signal

f(t) =€ g(1),

has no bounded bandlimited interpolation.

teR,

Theorem 6. Let § € (0,
for which we have

1). The set of all signals g € Bg; ,,

lim sup
N—oc0

= o0

sm sin(w(t — k))
,Z AT

for all t € R\Z, is a residual set in Bg; . Further, the set of
all signals g € Bg;, , for which there exists a ¢ € Cg° [0,1]

such that
/ s1n(7r(t )k))¢(f) gl =

> k——N

lim sup
N—oc0

is a residual set in Bgy . In both statements above, f(t) =
e g(t), t € R

Proof of Theorem 4. A look at the proof of Theorem 1 reveals
that it is sufficient to prove that there exists a ¢t € R\ Z
such that the set of signals f € B(l S 8)m,00 for which we have
lim supy_, o |(Snf)(t)] = o0, is a residual set. Having shown
this, the rest of the proof is done analogously to the proof of
Theorem 1.

Next, we prove the above statement. Let ¢ € R\ Z be
arbitrary but fixed. For N € N, let

SlIl

sin(n(t — k))
- 3 P

For each N € N, ¢n: 8?104—5)# 0= C is a continuous linear
functional. Since

Ynf = (Snft

[Nl = sup [N f| = [Unig2] = [(Sv ) ()],
FEBT16yx,0
15, 5 o <1
it follows from (14) that limpy_,||t’n|| = oo. Hence, the

Banach-Steinhaus theorem [49, p. 98] implies that the set of
signals f € B> (L+8)7,0 with

limsup|yy f| = limsup|(Sn f)(t)] = oo
N—o0 N —o0

is a residual set. O
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Proof of Theorem 5. Let ¢1 € C§°[0,1] be the function from
Theorem 2, and let ¢ € R\ Z be arbitrary but fixed. Further,

for N € N, let
] ))> ¢1(t) dt

e N sin(m(t —
FNf:/ < Z f(k)7§(t(t_kk
=00 \k=-N

For each N € N, I'y: B(of+5)7"70 — C is a continuous linear
functional. Let 75, § € (0, 1), be the function from Theorem 1.
Since limpy_,oo|T'n7ys| = oo, according to (15), it follows
from the Banach—Steinhaus theorem [49, p. 98] that the set

of signals f € B?ﬁ&)w o for which

limsup|T'y f| = hmsup ’/ (Snf)(®)e1(t) dt‘ =

N—o0
is a residual set. [
Proof of Theorem 6. Let t € R\ Z be arbitrary but fixed. For

N €N, let
N

Ung = sin(rt) Z

k=—N

g(k)
m(t—k)

For each N € N, 1/;1\/: Bse , — C is a continuous linear
functional. Since

sin(r(t — k))
w(t—k)

= 3 g

(Sn (1)

I
™
—~
=

k=—o00
N

: k
= sin(nt) Z ﬂ_(‘i(_)k)

k=—N

nga
we see that

[onll =" sup  [wgl > [¥ngral = [(Sn1/2) (@),

gEBtSﬂ',O
<
lgllsge o<1

and it follows from (14) that limy_,o0|[¢n| = oco. The
Banach-Steinhaus theorem [49, p. 98] shows that the set of
signals g € Bgy, ; for which limsupy_,[¢)ng| = oo is a
residual set. O

X. CONSTRUCTION OF A NON-COMPUTABLE NUMBER

In this section we prove Lemma 6 and give an interpretation
of the approximation of a non-computable number in terms of
computable Cauchy sequences. A proof of Lemma 6 is given
in [34, p. 17] using basic facts about computable sequences.
The proof that we will give in the following is different from
the proof in [34, p. 17]. It is based on dyadic expansions and
illustrates the essential properties of non-computable numbers.

A rational number z € (0,1) is called dyadic rational if
we have x = m/2" for some m, N € N. Without loss of
generality we can assume that m and 2% are coprime. Clearly,
we always have m < 2%, and m has the representation

L
m = Z a;(m)2!
1=0

http://dx.doi.org/10.1109/TSP.2019.2954972

where a;(m) € {0,1}, 0 <1< L, and L < N is the smallest
natural number such that a;(m) = 0 for all [ > L. For dyadic
rational numbers we have the representation

x = Zan(x) !

with a,,(z) = 0 for n > N. For every number z € (0, 1) that
is not dyadic rational, we have the unique representation
= 1
x = Z an(x) o
n=1
Let A C N be a recursively enumerable nonrecursive set, and
let ¢ 4: N — N be an enumeration of the elements of A, where
¢4 is a one-to-one function, i.e., for every element k € A there
exists exactly one Ni € N with ¢ 4(Ny) = k. Further, let
=1
Ta=) 26a(n)
n=1

For x 4, which is not dyadic rational, we have

(2.4) 1, neA,
an(ra) =
4770, neN\ A

Proof of Lemma 6. We assume that

=1
TA= D Soam 29a(n) <

ne1
and construct a contradiction. Since x4 is computable, there
exist a computable sequence {z, }nen of rational numbers and
a recursive function ¢: N — N such that |z4 — z,| < 1/2N
for all n > ¢(N). We have ax(x4) = ag(x,) for all 1 <
k < N —1. This follows from |2V 1z 4 —2N =12, | < 1/2 for
all n > ¢(N), which shows that the integer parts of 2V =1z 4
and 2V~ !z, need to be equal. Let n = ¢(NV). Since 4y is
a computable rational number, it follows that the coefficients
ar(zeny), 1 <k < N — 1 are computable. This implies for
I1<k<N-—1landall N€Nthatk € Aif ap(rgn)) =1
and k € N\ A if ap(x4(n)) = 0. Hence, A is a recursive set,
which is a contradiction to our assumption. O

Let {x,, }nen be an arbitrary computable sequence of com-
putable numbers with lim,, ,,, x, = x4. A computable
sequence of computable numbers {x, },en is called a com-
putable Cauchy sequence if there exists a computable function
¢ such that for all N € N we have

1
|£L'M1 — {,C]y[2| < 27N (25)
for all My, My > ¢(N). Since x 4 is not computable, {2, } nen
cannot be a computable Cauchy sequence. We even have for
every computable function ¢: Every recursively enumerable
infinite set I C N contains an infinite subset I C I such that

for all N € I there exist two numbers, M;(N), Ma(N) € N

with M1 (N) > ¢(N) and My(N) > ¢(N), such that
1
|22 (v) = Tan)] 2 5

That is, for every recursively enumerable set I C N, the
condition (25) is violated infinitely often. As a consequence,
if we implement any computable stopping algorithm, the
stopping time condition (25) is violated infinitely often.
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XI. CONCLUSION

In classical signal processing books, the theoretical treat-
ment of the two operations, downsampling and bandlimited
interpolation, is not given special attention, despite their high
importance in applications. There are no studies of the analyt-
ical properties of downsampling for bandlimited signals that
vanish at infinity. The usual narrative is that the bandlimited
interpolation always exists [25, p. 52 and p. 162] and [26,
p.- 144]. That this cannot be true for arbitrary signals has been
demonstrated in [41], where a sequence in ¢y was constructed
that possesses no bounded bandlimited interpolation.

In the present paper we went much further and studied the
existence of the bandlimited interpolation for sequences that
are created by downsampling a discrete-time signal that has
been generated by sampling bandlimited signals. By proving
that this bandlimited interpolation does not exist in general, we
have shown that downsampling needs to be treated carefully
when considering more general signal spaces than PW?, the
space of bandlimited signals with finite energy. Further, we
analyzed the algorithmic computability of the bandlimited
interpolation and proved that even when the bandlimited inter-
polation exists mathematically, it cannot always be computed
on a digital computer, because the approximation error cannot
be controlled.

To the best of our knowledge, there have been no rigorous
studies of this problem so far, and our result is the first in this
direction.

APPENDIX

Proof of Fact 1. Let f € B, be arbitrary. For § > 0, we
consider the function

s(t) = f(1 - o) 2A0T)

We have g5 € PW?T. Further, we have

17(0) — g5(0)

B sin(dmt) sin(drt)

= |7(0) - 52200 gy IO

— (1 - oy 0T

< 17011~ 250 4 70) - (1 oy |0
<1l =00 o - s ool o)

Let € > 0 be arbitrary but fixed. According to the Riemann—
Lebesgue lemma, there exists a 77 = T3 (¢) such that

0l < g e
for all |¢| > T3. It follows that
sin(d7t €
uwr—(;tw§2ﬂm<4
for all |¢| > T. Further, there exists a dy = dg(€) such that
e 11— sin(dmt) < €
|t1<T2 ot 4| fll 3z,
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15
for all 0 < § < &g. Hence, it follows that
sin(d7t €
ol - 200 < S 28)

forall t € R and all 0 < 6 < §p. For |¢t| > 277 and 0 < § <
1/2 we have

[f(@) = F((A =6 < [f(B)] + (1= )t)]

<S4s
8

)

NG INe Wo'ol s

where we used (27) in the last inequality. Further, for |t| < 2T
we have

[F(8) = F((1 =) < [[f |z, [T = (1 = 9)t
= [1f"l 8=, 0]t

< Hf/HB;'r‘j052T1-

Let 61 = d1(e) = €/(8T1| f'|| 5z, ) Then we have

£ = (=91 < ]

for [t| < 2T and all 0 < § < d7. It follows that

£ = F(1 =) <

for all t € R and all 0 < § < min{1/2,d;}. From (26), (28),
and (29), we see that

€

|f(t) —gs(t)| < 3

for all t € R and all 0 < § < min{1/2,dy, 1}
Let 6 € (0,min{1/2,d9,1}) be arbitrary but fixed. Since
g; € PWEF, there exists an N € N such that

(29)

(30)

N

g — Z gs(k)sin(w(o —k))

k=—N (- —k) -

PW2

€1y

[\ e)

Using the abbreviation

N

Z gé(k)w7

(Sngs)(t) =
N5 Rt w(t— k)

we can conclude from (31) that

llgs — SNg(sHB,, 0 = <llgs — SN95||7>W2 < 5 (32)

It follows that

If = Sngsllsze, < IIf — 95+ 95 — Sngsllsz,
<|f = g;llsz, + 1195 —
< € + €

2 2

=€,

Snosllszz,

where we used (30) and (32) in the last inequality. O
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